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2a

2b

Notice: ﻿

Computing ﻿

Hence the solution is ﻿.

3a

3b

3c

We are given that ﻿.

This means that every column of ﻿ lies in the nullspace of ﻿.

﻿

Apply the rank-nullity theorem to A.

As ﻿, we have:

(A + B) =3 A +3 3A B +2 3AB +2 B3

A + B = I ⇒ (A + B) =3 I =3 I

I

C(B) ⊆ N(A)

B A

⇒ AB = 0

A ∈ R3×4
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﻿

﻿ ﻿

Using the constraint ﻿, we have:

﻿

﻿ From Steps 1 and 2:

﻿

﻿

4a

Proof by contradiction.

Assume ﻿ is not invertible. 

﻿ there exists a nonzero vector  such that ﻿, i.e. 
﻿ with ﻿.

﻿ Let i be an index where ﻿ is maximal among all components, i.e., 
﻿ and ﻿ (since x is nonzero).

﻿ From ﻿, the i-th component gives: ﻿

﻿

﻿ ﻿ (As ﻿)

﻿ As ﻿, we can divide both sides by | ﻿: ﻿

﻿ Contradiction as ﻿ should be less that 1, hence ﻿ is invertible.

4b

rank(A) + dim(N(A)) = 4

⇒ dim(N(A)) = 4 − rank(A)

C(B) ⊆ N(A)

rank(B) = dim(C(B)) ≤ dim(N(A))

⇒

rank(B) ≤ dim(N(A)) = 4 − rank(A)

⇒ rank(A) + rank(B) ≤ 4

I − B

⇒ x ∈ Rm (I − B)x = 0 Bx =
x x = 0

⇒ ∣x ​∣i ∣x ​∣ ≥i

∣x ​∣   ∀j =j 1, 2, ...,m ∣x ​∣ >i 0

⇒ Bx = x x ​ =i ​ b ​⋅x ​∑j=1
m

ij j

⇒ ∣x ​∣ =i ∣ ​ b ​⋅x ​∣ ≤∑j=1
m

ij j ​ ∣b ​∣⋅ ∣x ​∣∑j=1
m

ij j

⇒ ∣x ​∣ ≤i ​ ∣b ​∣⋅ ∣x ​∣ ≤∑j=1
m

ij j ∣x ​∣⋅ ​ ∣b ​∣ =i ∑j=1
m

ij ∣x ​∣⋅ s ​i i ∣x ​∣ ≤j ∣x ​∣i

⇒ ∣x ​∣ >i 0 x ​∣i 1 ≤ s ​i

⇒ s ​i I − B
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4c

5.1

c)
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5.2

c)

5.3

b)

For something to be a linear transformation:

1. ﻿ (additivity)

2. ﻿ (homogeneity)

Thus for homogeneity:

﻿

﻿

For ﻿ to be linear, we need ﻿, which requires: 
﻿

﻿

5.4

c)

f(x + y) = f(x) + f(y)

f(cx) = cf(x)

f(cx) = −2v (cx) +⊤ ∥v∥ =2 −2cv⊤x + ∥v∥2

cf(x) = c(−2v x +⊤ ∥v∥ ) =2 −2cv x +⊤ c∥v∥2

f f(cx) = cf(x) ∥v∥ =2

c∥v∥    ∀c2

⇒ v = 0
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5.5

b)

﻿

﻿

﻿ (Multiply ﻿) 

﻿

﻿

5.6

c)

A =2 3A − I

⇒ A −2 3A + I = 0

⇒ A − 3I + A =−1 0 A−1

⇒ A =−1 3I − A

⇒ A + A =−1 A + (3I − A) = 3I
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