Projections

Valentin Groner

1 Definition

Given a subspace S C R™ and a vector b € R™, we want to find the projection of b
onto S. In R? and R3, we have a clear intuition what this projection should be. This is
illustrated in the following figures.
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Figure 1: Projection of a vector in R2. Figure 2: Projection of a vector in R3.

For general R™, we have to define the concept of a projection, since it is not geometrically
clear what it should be. One approach is the following definition.

Definition 1.1 (Projection). For a subspace S C R™ and a vector b € R™, we define
its projection as the vector

projs(b) := argmin [b — p|.
peS

This corresponds to the wvector in S with minimal distance to b. We call the vector
e := b — projg(b) € R™ the error vector.

2 Existence and Uniqueness

We now want to prove that Definition 1.1 always yields a unique vector p € S. As we
have seen, b can be written in terms of the error vector and the projection as

b = projg(b) +e.

From our intuition in 2 and 3 dimensions, we might suspect that e should be orthogonal
to S to minimize distance to b. More formally e € S+. We know from the orthogonal
complement that this decomposition of a vector into a part in S, projg(b), and one in
S+, e, is unique. We now prove that this decomposition of b actually corresponds to the
decomposition in projection and error vector.



Theorem 2.1. Let S C R™ be a subspace and b € R™ arbitrary. For the unique vectors
p € S,e € St that satisfy b = p + e, it holds that p = projg(b).

Proof. There exist unique vectors p,e € R™ such that
b=p+e, peS, ec St
Let p’ € S be arbitrary. Then

b —p|*=[b-p+p-p* (1)
=[le+p—p'|’ (2)
=(e+p-p)'(e+p—p) (3)
=e'e+2(p—p) e+ (-p) (p-P) (4)
Since p,p’ € S we have p —p’ € S, hence e L (p — p’) and so
b —p'[|” = [le]|* + [lp — P'[I* > [e]|” = [[b — pl|*,
with equality iff p’ = p. Therefore, p minimizes the distance and p = projg(b). ]

Corollary 2.1 (Existence and Uniqueness). For any subspace S C R™ and any vector
b € R™, projg(b) exists and is unique.

Corollary 2.2 (Orthogonality). For any subspace S C R™ and any vector b € R™, the
difference vector between b and its projection onto S is orthogonal to S. In formulas,

e = (projg(b) — b) € S*.
Corollary 2.3. For any subspace S C R™ and any vector b € R™,
b = projg(b) + projg. (b).
Proof. Let b € R" be arb. We know there is a unique decomposition
b=p-+e, pES,eGSL,

In the proof of Theorem 2.1 we saw that p = projg(b), i.e. the part in S is the projection
of b onto S. By applying the same argument to S+, the part in S+ is the projection of
b onto St, i.e. e = projg(b). O

Therefore, when we decompose a vector b into components in S and S+, those components
are exactly the projections of b onto the respective subspaces.

3 Computation
Now that we have properly defined projections to subspaces and gathered some insight
into their properties, we can think about how to compute them.

Theorem 3.1. Let S C R™ be a subspace with basis ai,...,a,, and let b € R™ be
arbitrary. Let A € R™ " be the matrix whose columns are ay,...,a,. Then there exists
a unique vector of coefficients X € R™ such that

Ax = projg(b),
and these coefficients satisfy the normal equations

ATAx = A'b.



Proof. Since e = b — projg(b) € S+, we have for each basis vector a; that ae = 0, i.e.
a; (b —projg(b)) =0 (i=1,...,n).
Writing these conditions in matrix form gives
AT(b —projs(b)) =0 = A'b = ATprojy(b).

Because projg(b) € S, there is a unique coefficient vector x with Ax = projg(b). Sub-
stituting yields the normal equations AT Ax = A"b. O

In the ideal case we can find a matrix P (the projection matrix) whose linear transfor-
mation maps every vector to its projection onto 9, i.e.

Vb e R™: Pb =projg(b).
If AT A is invertible, the normal equations give
projg(b) = Ax = A(ATA)'ATb.
Theorem 3.2. A" A is invertible if and only if the columns of A are linearly independent.

Proof. Try the proof yourself or refer to the proof in the lecture notes. m

Since the columns of A form a basis of S, they are linearly independent and hence AT A
is invertible. We can thus define the projection matrix.

Definition 3.1 (Projection Matrix). For a subspace S C R™ with basis given by the
columns of A € R™" (so that A" A is invertible), the projection matriz P € R™™ is

P:=AATA)TIAT,

and it satisfies
Vb e R™: Pb = projg(b).
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